AN ALGEBRAIC PROPERTY OF AN ISOMETRY 
BETWEEN THE GROUPS OF INVERTIBLE ELEMENTS 
- - -, IN BANACH ALGEBRAS 
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Abstract. We show that if T is an isometry (as metric spaces) between 
fN| , the invertible groups of unital Banach algebras, then T is extended to 

a surjective real-linear isometry up to translation between the two Ba- 
nach algebras. Furthermore if the underling algebras are closed unital 
standard operator algebras, (T(eA))^ 1 T is extended to a surjective real 
algebra isomorphism; if T is a surjective isometry from the invertible 
i-^h ■ group of a unital commutative Banach algebra onto that of a unital 

semisimple Banach algebra, then (T(eA))~ 1 T is extended to a surjective 
isometrical real algebra isomorphism between the two underling alge- 
bras. 
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1. Introduction 
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{Nj ■ According to the definition the metric or the topological, and the alge- 

braic structures of a Banach algebra are connected with each other. In 
the actual situation these structures are tightly connected in the sense that 



some structure restores another one, for certain Banach algebras. The mul- 
tiplication in a C(X)-space is restored by the structure as a Banach space; 
the Banach-Stone theorem states that the existence of an isometric isomor- 
phism as Banach spaces from the Banach algebra C(X) of the complex 
valued continuous functions on a compact Hausdorff space X onto another 
one C(Y) implies that Y is homeomorphic to X, hence C(X) is iso metrically 
isomorphic as Banach algebras to C(Y). Several generalizations including 
in [5j [6j [7J [8] are investigated. 

Our main concern here is with the algebraic structure of isometries be- 
tween the invertible groups (the groups of all the invertible elements) of uni- 
tal Banach algebras: is an (metric-space) isometry between the invertible 
groups of unital (semisimple) Banach algebras multiplicative or anitimulti- 
plicative, or preserving the square? Note that a unital surjective isometry 
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between unital semisimple commutative Banach algebras need not be mul- 
tiplicative even if the given isometry is assumed to be complex-linear. We 
mainly considered commutative Banach algebras in [2J. In this paper we 
investigate with or without assuming being commutative, and we show that 
a unital isometry from the invertible group in a closed unital standard op- 
erator algebras onto another one is multiplicative or antimultiplicative. We 
also show that a unital isometry from the invertible group of a unital com- 
mutative Banach algebra onto that of a unital semisimple Banach algebra is 
multiplicative. The hypothesis that the latter Banach algebra is semisimple 
is essential (see Example 13. 3p . 

2. Extension of isometries 

In this section we show that an isometry between the groups of the invert- 
ible elements in unital Banach algebras is extended to an real-linear map up 
to translation between the two Banach algebras of the form of a real-linear 
isometry followed by adding a radical element. 

We begin by showing a local Mazur-Ulam theorem, which was proved in 
[2J, with a proof for the sake of convenience. 

Lemma 2.1. Let B\ and B 2 be real normed spaces, IA\ and U 2 non-empty 
open subsets of Bi and B 2 respectively. Suppose that T is a surjective isom- 
etry from IA\ onto U 2 . If f,g G U\ satisfy that (1 — r) / + rg G U\ for every 
r with < r < 1, then the equality 

7(1+9^ = nil + T fo) 

1 2 ' 2 

holds. 

Proof. Let h, h' <EU\. Suppose that e > satisfies that ^ h ~ 2 h U < e, and 
{u G Bi : \\u — h\\ < e, \\u — h'\\ < e} C Ui, 
{ae B 2 : \\a-T(h)\\ < e, \\a-T(h')\\ < e} CU 2 . 
We will show that T{^f) = r(fe) + r(fe,) . Set r = and let 

L\ = {u E Bi : ||u — h\\ = r = \\u — h'\\}, 

L 2 = {aeB 2 : \\a - T(h)\\ = r = \\a - T{h')\\}. 
Set also ci = }± ^f- and c 2 = r ( ft )+ 7 '( ft ) , Then we have T(Li) = L 2 , c\ G 
L\ C Ui, and c 2 G L 2 C IA 2 . Let 

ipi(x) = h + h! — x (x G B\) 

and 

i; 2 (y)=T(h)+T(h')-y (y G B 2 ). 
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Then we see that ipi(ci) = ci, tpi(Li) = L±, and ip 2 (L 2 ) = L 2 . Let Q = 
ipi o T _1 ot/) 2 oT. A simple calculation shows that 

2||iu — ci\\ = \\ipi(w) — w\\, (w G L\) 

and 

U.iz) -w\\ = HVi o Q~\z) - Q(w)\\, (z,w G L ± ) 
hold. Applying these equations we see that 

||Q 2fc+1 ( Cl )- Cl || = ||^oQ 2fc+1 ( Cl )- Cl || 

= o Q 2fc ( Cl ) - Q 2fc ( Cl )|| = 2||Q 2fc ( Cl ) - Cl || 

hold for every nonzero integer k, where Q 2 " denotes the 2 n -time composition 
of Q. By induction we see for every non-negative integer n that 

|| Q 2n ( Cl ) - Cl || =T +l || c 2 -T( Cl ) || 

holds. Since Q(L±) = L\ and L\ is bounded we see that c 2 = T(ci), i.e., 
T( h + h ') = nh)+T{h') _ 

We assume that / and g are as described. Let 

K = {(l-r)f + rg : < r < 1}. 

Since K and T(K) are compact, there is e > with 

d(K, Bi \ Ui) > e, d(T(K),B 2 \U 2 )>e, 

where d(-, •) denotes the distance of two sets. Then for every h G K we 
have 

{■u G Z3i : ||u - /i|| < e} C 

and 

{beB 2 : \\b-T(h)\\ <e}cU 2 . 
Choose a natural number n with ^~ n 9 ^ < e. Let 

h k = -!^(g - f) + f 

for each < A; < 2™. By the first part of the proof we have 

T(h k ) + T(h k+2 ) - 2T(h k+1 ) = (k) 

holds for < k < 2 n - 2. For < k < 2 n - 4, adding the equations (k), 2 
times of (k + 1), and (A; + 2) we have 

T(fc fc ) + T(/i fe+4 ) - 2T(h k+2 ) = 0, 

whence the equality 

T( f±A ) = nn + T( 9 ) 

K 2 ' 2 

holds by induction on n. □ 
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Note that an isometry between open sets of Banach algebras need not be 
extended to a linear isometry between these Banach algebras. 

Example 2.2. Let X = {x,y} be a compact Hausdorff space consisting of 
two points. Let 



where f G C(X) is defined as fo(x) = 0, fo(y) = 10. Suppose that 



is defined as T{f) = f if ||/|| < 1 and T(f) = f if ||/ - / || < 1, where 



real linear isometry up to translation. 

Let A be a unital Banach algebra. The group of all the invertible elements 
in A is called the invertible group and is denoted by A -1 . The identity in 
A is denoted by e^. The (Jacobson) radical for a given Banach algebra A 
is denoted by rad(A). The spectrum of a G A is denoted by a (a) and r(a) 
is the spectral radius for a G A. 

Surjective isometries between the invertible groups of unital Banach al- 
gebra is extended to a real linear isometry up to translation (Theorem \2A\i . 

Lemma 2.3. Let B be a unital Banach algebra and a G B. Suppose that 
r(fa) = for every f G B^ 1 . Then a G rad(S). 

Proof. First we will show that aa + e# G B^ 1 for every complex number 
a. Suppose not. There is a complex number a® with a^a + cb $ B 1 ', 
— 1 G a(a a). So a ^ and — — G a(a) = cr(esa), hence < r(eea), 
which contradicts to the assumption. 

We will show that a G L whenever L is a maximal left ideal of B, which 
will force that a G rad(-B). Suppose that there exists a left maximal ideal L 
of B with a G" L. Then L + Ba is a left ideal of B which properly contains 
L, so L + Sa = S for L is a maximal left ideal. Thus there is / G B with 
fa + es G L. Let a be a complex number such that / — ae# G S -1 ; such 
an a exists since the spectrum is a compact set. Since aa + es G B^ 1 by 



U = {f G C(X) : ll/H < 1} U {/ G C(X) : ||/ - / || < 1} 



T : u 



u 




Then T is an isometry from U onto itself, while it cannot be extended to a 
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the first part of the proof, 



(2.1) (aa + e B ) 1 {f - ae B )a + e B 

= (aa + e B )^ 1 (f — ae B )a + (aa + e B )~ 1 (aa + e B ) 



= (aa + e B ) 1 (fa + e B )eL 
hold. Thus (aa + e B )^ 1 )(f — ae B ) + e B is singular, hence 

i((aa + e B y 1 )(f - ae B )a) > 0, 



Theorem 2.4. Let A and B be unital Banach algebras. Suppose that T 
is a surjective isometry from A' 1 onto B~ l . Then there exists a surjective 
real-linear isometry T from A onto B and u G rad(I?) such that T(a) = 
T (a) + Uq for every a G A~ x . 

Proof. Since T is an isometry, lmi4-i 3a ^ T(a) exists. Let uq = lini4-i 9a ^ T(a). 
Let / be an arbitrary element in B~ x . We will show that v(fuo) = 0, which 
will force that u G rad(-B) by Lemma [231 Suppose that A G cr(fuo) and 



so — A + fuo G B 1 , which is a contradiction since A G a(fuo)- Thus we see 
that a(fuo) = {0}, or r(fu ) = 0, so u Q G rad(S) by Lemma [2731 



Define T : A 1 — > .B 1 by T (a) = T(a) — «o- Since w + B 1 = B 1 for 
n G rad(-B) (cf. [H p. 69]), T is well-defined and bijective. We will show 
that T (-f) = -T Q (f) for every / G A' 1 . Let / G A' 1 . Then -/ G A -1 , 



which is a contradiction since (aa + ee) *(/ — ae B ) G .B 



□ 



A ^ 0. Let c x = T-^-Xf- 1 ). By LemmaO 




cx, _ rr Al-s)c x + sc x . _ T((l-s)c x )+T(sc x ) 



and for every integer n, —f + -f&A 1 . We also see 



(l_ r ) / + r (_ / + l /)Gy 4-i 




Next we will show that 



(2.3) 
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holds for every / G A^ 1 . Let / G A^ 1 . Then for every 1 > e > and every 
< r < 1 

(l-r)f + ref G A" 1 . 

Hence T (^) = T ° (/)+ 2 r ° (£/) holds by Lemma EH then letting e -> the 
equation ( 12. 3ft holds. 

Let / G A -1 . Suppose that T (kf) = kT (f) holds for a positive integer 

T f f + kf \ _ T (f)+T (kf) _ (fc + l)T (/) 
"V - 2~ J" 2 - 2 

and by (TOD 

holds, hence by induction T (nf) = nT (f) holds for every positive integer 
n. Then for any pair of positive integers m and n, 

mT (-f) = T Q (m-f) = T (nf) = nT Q (f) 
m m 

holds, hence T (±f) = ±T (f) holds. By continuity of T Q , T (rf) = rT (f) 
holds for every / G A^ 1 and r > 0. Henceforth 

(2-4) T (rf) = rT (f) 

holds for every / G A' 1 and for a non-zero real number r since Tq(— /) = 

-W). 

Applying Lemma [2. II and (I2.3P we see that 

(2.5) T (/ + <7)= W) + %) 

holds for every pair / and g in A -1 whenever (1 — r)f + rg G A" 1 holds for 
every < r < 1. In particular (12. 5p holds if /, g G f^, where 

Qa = {a E A : || a — re^|| < r holds for some positive real number r} 

is a convex subset of A^ 1 . 

Define the map To : A — > B by Tq(0) = and 

W) = T (/ + 2||/M-T (2||/|| eA ) 

for a non-zero / G A. The map T is well-defined since / + 2||/||eA and 
2||/||e,4 are in Qa for every non-zero / G A and T is defined on A^ 1 D f^. 
If, in particular, / G Oi, then r (/ + 2||/||e A ) = T (f) + T (2\\f\\e A ) holds, 
so that 

(2.6) ?„(/) = W) 

holds. 
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We will show that To is real-linear. Let / G A \ {0}. Then / + re A G &>a 
for every r > 2||/||, whence by (12.51) 

T (f + 2\\f\\e A ) + T (re A ) 

= T (f + 2||/||e A + re A ) = T (f + re A ) + r (2||/||e A ), 

so that 

(2.7) f (f)=T (f + re A )-T (re A ) 

holds for every r > 2||/||. Let f,g G A. Then f (f + g) = f (f) + f (g) 
holds if / = or g = 0. Suppose that / ^ and g 0. Then by (12.51) and 
(12.71) we have 

f (f + g) = T (f + g + 2\\f\\e A + 2\\g\\e A ) - T (2\\f\\e A + 2||^||e A ) 

= T (f + 2||/||e A ) + T (g + 2\\g\\e A ) - T (2||/||e A ) - T (2|| s||e A ) 
= f (f)+f {g) 

holds. If / = or r = then T (rf) = rT (f). Suppose that / ^ and 
r ^ 0. If r > 0, then by 

f (r/) = T (r/ + 2||rf ||e A ) - T (2||r/||e A ) 
= To(r(/ + 2||/||e A ))-T (r2||/||e A ) 
= rT (/ + 2||/||e A ) - rT (2||/||e A ) = rf (f) 

If r < 0, then 

f (rf) = (-r) (T (-f + 2\\f\\e A ) - T (2||/||e A )) . 
Since -/ + 2||/||e A , / + 2||/||e A G tt A we have 

T (-f + 2\\f\\e A ) - T (2||/||e A ) = -T (f + 2||/||e A ) + r (2||/||e A ). 
It follows that 

f (rf) = (-r) (-T (f + 2||/||e A ) + r (2||/||e A )) = rf (f). 
We will show that T is surjective. Let a G B. Then 
(T Q {e A ))- x a + re B G VLb C S" 1 , 

so 

a + T (re A ) = a + rT (e A ) G 
holds whenever || (To(e A )) -1 a|| < r and ||a|| < r. We also have 

||T _1 (a + T (re A )) - r|| = ||a + T (re A ) - T (re A ) || < r, 
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thus T _1 (a+T (reA)) G tt A holds whenever || (T (eA)) _1 «|| < rand ||a|| < r. 
Let / = r o _1 (a+T (re A ))-re A G A. Then J+re A = r o _1 (a+T (re A )) G Q A . 
Hence by (12. 5p we see that 

T (f + re A ) + T (2\\f\\e A ) 

= T Q (f + 2||/||e A + re A ) = T (f + 2||/||e A ) + T (re A ), 

so we have 

a = T (f + re A ) - T (re A ) = T (/ + 2||/||e A ) - T (2||/||e A ) = f (f). 

We will show that To is an isometry. Since To is linear, it is sufficient to 
show that ||T (/)|| = ||/|| for every / 6 A. If / = 0, the equation clearly 
holds. Suppose that/ ^ 0. Then 

IIW)|| = ||To(/ + 2||/|| eA )-r (2||/|| eA )|| = ||/ + 2||/||e A -2||/||e A || = ||/|| 
hold. 

We will show that T is an extension of T , i.e., T (f) = T Q (f) for every 
f e A' 1 . Let P = Tq 1 o T : A~ x -> A. For every a G A^ 1 , 

(2.8) P(a + 2||a||e A ) = a + 2||a||e A 

holds for a + 2||a||e A G fi^ and T = T on fi^ by (|2.6j) . Since T (— /) = 
— T ( f) holds for every / G A -1 and Tq -1 is real-linear, we see that 

(2.9) P(a - 2||a||e A ) = -P((-a) + 2|| - a||e A ) = a - 2||a||e A 

holds for every a G A -1 . 
We will show that 

P(a±2i\\a\\e A ) = a±2i\\a\\e A 
holds for every a G A -1 . Since 

\\t(a + 2\\a\\e A ) + (1 - t)(±2i||a||e A ) - 2(t ± (1 - t)i)||a||e A || 

= £||a|| < 2\t± (l-t)i\\\a\\ 

hold 

t(a + 2\\a\\e A ) + (1 - £)(±2z||a||e A ) G A" 1 
holds for every < t < 1 we see by (12. 5p that 

T (a + 2||o||e A ) + T (±2z||a||e A ) = T (a + 2||a||e A ± 2i||o||e A ). 

In a way similar we have 

T (a ± 2i||a||e A ) + r (2||a||e A ) = T (a ± 2i\\a\\e A + 2\\a\\e A ), 
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hence 

(2.10) f (o) = T (a + 2\\a\\e A ) - T (2||a||e A ) 

= T (a ±2i||a||e A )-r (±2i||a||e x ) 
holds for every a G A^ 1 . For every < t < 1 

£(±2z||a||e A ) + (1 - t)4\\a\\e A G A' 1 

holds, hence 

T (±2*||a||e A + 4||a||e A ) = T (±2f ||a||e A ) + To(4||a||e A ), 

so that 

r (±2i||o||e A ) = T (±2z||a||e A + 4||a||e A ) - T (4||a||e A ) = f (±2i||a||e A ). 
Thus we see by (jUTUJ) that 

(2.11) P(a ± 2i||o||e A ) = f^T^a ± 2i||a||e A )) 

= f 1 (f (a) + T (±2t\\a\\e A )) 

= T 1 (T (a) + T (±2i||a||e A )) = a ± 2z||a||e A 
holds for every a G A~ l since T is real-linear. Applying (12.81) and (12. 9p 

(2.12) 2 1| || = \\a ± 2||a||e A - a|| = \\P(a ± 2||a||e A ) - P(a)\\ 

||a±2||a||e A -P(a)|| = \\P(a) - a ± 2\\a\\e A \\ 
holds for every a G A^ 1 . In a same way we have by (12. lip that 

(2.13) 2||a|| = \\P{a) - a ± 2i||o||e A || 

holds for every a G A -1 . For an element b E B the numerical range of b is 
denoted by By fl2TT3|) and Lemma 2.6.3] 

(2.14) sup{Im(A) : A G W(P(a) - a)} 

= Mr\\\e A -it(P(a)-a)\\-l) 

<2||a||(||e A --^(P(a)-a)||-l)=0. 
2||a|| 

Since W(-P(a) + a) = -W(P(a) - a) we have 

(2.15) — inf{Im(A) : A G W(P(a) — a)} 

= sup{Im(A) : A G W(-P(a) + a)} 
= infr 1 (||e A -^(-P(a)+a)||-l) 

< 2||a||(||e A + ;r^(P(a) - o)|| - 1) = 
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Thus we see that 

W(P(a) - a) C R, 

where M. denotes the set of real numbers. Applying (I2.12p and [91 Lemma 
2.6.3] in a same way we see that 

iW(P(a) - a) = W(i(P(a) - a)) C R. 

It follows that 

W(P(a)-a) = {0}. 

Since 

||P(a) — a\\ < e\\P(a) — a\\w 
holds ( cf. [9j Theorem 2.6.4]), where || • \\w denotes the numerical radius, 
we see that P{a) = a holds for every a G A -1 . 

Since T(a) = To(a) + uq for a G A^ 1 by the definition of To, we conclude 
that T(a) = T (a) + Uq holds for every a G A~ x . □ 

3. MULTIPLICATIVITY OR ANTIMULTIPLICATIVITY OF ISOMETRIES 

We proved the following in [2]. The proof involves much about commu- 
tativity and semisimplicity of the given Banach algebra A. 

Theorem 3.1. Let A be a unital semisimple commutative Banach algebra 
and B a unital Banach algebra. Suppose 21 and OS are open subgroups of A -1 
and B~ l respectively. Suppose that T is a surjective isometry from 21 onto 
03. Then B is a semisimple and commutative, and (T(e J 4))~ 1 T is extended 
to an isometrical real algebra isomorphism from A onto B. In particular, 
A^ 1 is isometrically isomorphic to B~ x as a metrizable group. 

In the following comparison result as the above we make use of Theorem 

Corollary 3.2. Let A be a unital commutative Banach algebra and B a 
semisimple Banach algebra. Suppose that T is a surjective isometry from 
A^ 1 onto B~ l . Then (T(eA)) _1 T is extended to a surjective isometrical real 
algebra isomorphism from A onto B. Moreover, A is semisimple and B is 
commutative. In particular, A~ l is isometrically isomorphic to B^ 1 as a 
metrizable group. 

Proof. By Theorem 12.41 there is a u G rad(5) such that T — u is extended 
to a real-linear isometry from A onto B. Since B is semisimple (cf. [TJ 
Theorem 2.5.8]), Uq = 0, hence T is extended to a surjective real-linear 
isometry T from A onto B since B is semisimple. We will show that A 
is semisimple. Let a G rad(A) and let T a : A^ 1 — > B^ 1 be defined as 
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T a (b) = T(a + b) for b G A^ 1 . Then T a is well-defined and a surjective 
isometry since a + A~ Y = A' 1 for a G rad(^4). By Theorem 12.41 T„ is also 
extended to a surjective real-linear isometry T a from A onto S. For every 
positive integer 

\ n / \ n / V n / V n / 
holds. Letting n^oowe have 

= f{a), 

hence a = for T is injective. It hollows that rad(A) = {0}, or A is 
semisimple. Then by Theorem 13.11 the conclusion holds. □ 

The hypothesis that B is semisimple in Corollary 13.21 is essential as the 
following example (cf. [2]) shows that a unital isometry from A~ x onto B^ 1 
need not be multiplicative nor antimultiplicative unless at least one of A or 
B are semisimple. 



Example 3.3. Let 



Let 



^ = H8 8 i) : a ' a ' b ' ° G C ^ 

be the unitization of A , where the multiplication (in A ) is the zero mul- 
tiplication; MN = for every M, N G Aq. Let S = A as sets, while 
the multiplication in B is the usual multiplication for matrices. Then A 
and B are unital Banach algebras under the usual operator norm. Note 
that A is commutative and A nor B are not semisimple. Note also that 
A' 1 = {(o* b c) G A : a ^ 0} and B~ l = { f o 2 c ) G 5 : a ^ 0}. Define 

L VO a/ / J L VO a/ ' J 

T : A^ 1 — > by T(M) = M. Then T is well-defined and a surjective 
isometry. On the other hand A -1 is not (group) isomorphic to B^ 1 , in 
particular, T is not multiplicative nor antimultiplicative. 

We show a positive result for standard operator algebras. 

Corollary 3.4. Let X (resp. Y) be a Banach space. Suppose that A (resp. 
B) is a unital closed subalgebra of*B(X) (resp. *B(Y)), the Banach algebra 
of all the bounded operators on X (resp. Y), which contains all finite rank 
operators. Suppose that T is a surjective isometry from A~ l onto B^ 1 . 
Then there exists an invertible bounded linear or conjugate linear operator 
U : X — •> Y such that T(a) = T(eA)UaU~ l for every a G A^ 1 , or there exists 
an invertible bounded linear or conjugate linear operator V : X* —* Y such 
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that T(a) = T(eA)Va*V 1 for every a G A l . In particular, if T is unital 
in the sense that T(ca) = ^b, then T is multiplicative or antimultiplicative. 

Proof. By Theorem 12.41 there is a uq £ rad(S) such that T — uq is extended 
to a real-linear isometry To from A onto B. Since S is semisimple (cf. [U 
Theorem 2.5.8]), uq = 0, hence T = T on A -1 . Thus (T(eA))~ 1 T additive 
surjection such that (T(eA))~ 1 To(A~ 1 ) = Applying Theorem 3.2 in 

|4j for (T(eA)) _1 T , there exists an invertible bounded linear or conjugate 
linear operator U : X — > Y such that (T(e J 4))" 1 T (a) = UaU~ l (a 6 A), 
or there exists an invertible bounded linear or conjugate linear operator 
V : X* -> y such that (T(e A ))- 1 T (a) = Va*V -1 (a e A). Henceforth the 
conclusion holds. □ 

Let M n be the algebra of all n X n matrices over the complex number field. 
For M G M n the spectrum is denoted by a(M) and M 1 is the transpose of 
M. E denotes the identity matrix. Let || ■ || and || • ||' denote any matrix 
norms on M n (cf. [3]). 

Corollary 3.5. If S is a surjection from the group M" 1 of the invertible 
nxn matrices over the complex number field onto itself such that \\S(M) — 
S(N)\\' = \\M — N\\ for all M,N G M~ x , then there exists an invertible 
matrix U G M n such that S{M) = S^UMU^ 1 for all M G M~ x , or 
S(M) = S^UM'U- 1 for all M G M~\ or S(M) = S(E)UMIJ- 1 for all 
M G M-\ or S(M) = S(E)U'M t U~ l for all M G M~ l hold. In particular, 
if S is unital, then S is multiplicative or antimultiplicative. 

Proof. By Corollary 13.41 there is an invertible matrix U such that one of the 
following four occurs. 

(1) S(M) = S(E)UMU- 1 holds for every M G M" 1 , 

(2) S(M) = S^UMU- 1 holds for every M G M" 1 , 

(3) S(M) = S(E)UM l U- 1 holds for every M G M~\ 

(4) S(M) = S^Ultu- 1 holds for every M G M~ l . 

Henceforth the conclusion holds. □ 
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